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Alice wants to convey the value of a parameter to Bob with whom she does not share a reference
frame. What physical object can she use for this task? Shall she encode this value into the angle
between two physical vectors such as the angle between two spins? Can she benefit from using
entanglement? We investigate these questions here and show that an entangled state of two qubits
has three parameters that are invariant under changes of the reference frame. We also calculate
for specific examples, the average information gain for different circumstances, where one of these
parameters is used for communication. We compare our result with the special case of separable
states and find that entanglement enhances the information gain.
PACS numbers: 03.67.Hk, 03.65.Ta, 03.65.Ud
I. INTRODUCTION
An essential assumption behind many quantum protocols is the existence of a reference frame. For instance, when-
ever the spin angular momentum of a spin 1/2 particle is to be measured, the result is interpreted based on a reference
for spatial directions and so the quantum state assigned to the particle depends on the reference frame. Moreover,
many quantum information processing tasks rely on the fact that spatially separated parties have access to a shared
frame of reference [1–4]. For instance in the quantum teleportation protocol, Alice performs a local measurement
and sends the outcome of the local measurement via a classical message to Bob and then, Bob would perform a
local unitary operation based on Alice’s measurement outcomes. This will provide him with the state planned to be
teleported. For the protocol to work, Alice and Bob need to share a spatial frame of reference, otherwise Bob would
perform a wrong operation and teleportation would fail.
The information about a direction in space or a moment in time is recognized as unspeakable information which
means that it is not indifferent to the physical nature of the carrier and certain material objects must be used to
convey this information [5]. In other words, it is called unspeakable since a reference frame is required, to which this
information is defined and cannot be clearly presented by a string of classical bits. One might not always possess a
physical system that is capable of carrying this kind of information or can act as a reference frame. Sometimes it
is even impossible to find the perfect description of one’s local reference frame, either due to misalignment or lack
of precision or adequate stability. Thus, a shared reference frame (SRF) is often regarded as a resource [6]. The
restriction of lacking shared reference frames stimulated an interesting topic of research that attempts to develop
a framework for investigating the manipulation of systems that can serve as a reference frame and quantifying the
resource that they can provide. This framework is called the resource theory of quantum reference frames [7] and is
recently treated more generally in the quantum resource theory of asymmetry [8–12]. In these theories, any quantum
system that is aligned with some reference frame is a resource to others with different frames of reference. These
resources are useful as a substitute for a classical reference frame and play the same role that entangled states do
under the restriction of local operations and classical communications in the resource theory of entanglement [13–15].
As mentioned in the previous paragraph aligning reference frames is quite an intricate matter. Several researches
have been devoted to exploring techniques that can efficiently establish a SRF either by sending information about
directions [16–20] or by finding the unitary operation that relates the reference frames of two parties [21, 22], or
even by employing shared entangled states to interestingly substitute a SRF in certain communication tasks [23] or
securely establish a SRF between parties [24].
The other approach to obviate the problem of lacking a SRF, that is the focus of this paper, is to circumvent the
difficulty by relational encoding. It is shown that under the absence of SRF between parties, one can suppose that
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2their descriptions and operations undergo a random unitary channel [6]. To illustrate, if Alice describes her system
by the state ρ, the state to someone who has no SRF with Alice, prior to any measurements, is described by
ρ˜ = E [ρ] =
∫
G
D(g)ρD†(g)dg, (1)
where dg is the Haar measure over the group of transformations G relating the frames of reference to each other and
D(g) is the representation of the group on the Hilbert space of the system. This channel is called the G-twirling chan-
nel and can be treated as a new type of decoherence to the systems [6]. This is an interesting result, due to the fact
that the techniques developed in the theory of decoherence free subspaces and subsystems [25–29] can now be used to
circumvent this decoherence and succeed in many quantum information tasks in the absence of a SRF, to name but a
few, quantum and classical communication [30, 31], quantum key distribution [32, 33], and quantum cryptography [34].
Multi-partite systems entail two types of degrees of freedom (DoF), namely collective and relative DoFs. The
parameters describing the system’s relation to some reference external to it are called collective, while those concerned
with the relation between the system’s parts are known as relative ones. For instance, when one considers a set of
two vectors in the Euclidean space, the angle between the vectors is a relative parameter; however, the angle between
the bisector of that angle and any of the axes of the Cartesian coordinate system would be a collective DoF. In other
words, the relative parameters are the ones that remain invariant under the change of reference frame, while collective
parameters change. Similarly, the state of quantum systems consisting of two qubits is denoted by ργ,ω, in which γ
and ω represent all of its relative and collective DoFs respectively. Based on the above discussion, ργ,ω transforms
under a global rotation as
[D(Ω)⊗D(Ω)]ργ,ω[D(Ω)⊗D(Ω)]† = ργ,ω′ (2)
where D(Ω) ⊗D(Ω) is the collective tensor representation of SU(2) on the joint Hilbert space H ⊗ H of qubits and
Ω ∈ SU(2) is an arbitrary element of the group that rotates both qubits in the same way. The global parameters of
the state after the transformation change from ω to ω′. However, the relative parameters remain unchanged and can
therefore be used in relational encoding for quantum communication tasks.
Suppose that a message is encoded into a relative parameter γ of a state ργ,ω. To those who do not have access to
a shared Cartesian reference frame with the encoder, the state only entails the relative information; all its collective
information is lost and is described by the SU(2)-twirling of ργ,ω as
ργ =
∫
[D(Ω)⊗D(Ω)]ργ,ω[D(Ω)⊗D(Ω)]†dΩ, (3)
where dΩ is the SU(2) invariant measure. Using a positive operator-valued measure {Eλ}, to estimate the relative
parameters, the prior knowledge of the parameter is updated to a posterior distribution using Bayes’s theorem as
p(γ|λ) = Tr(Eλργ)p(γ)
p(λ)
. (4)
The information gain for the obtained value of λ is given by
Iλ =
∫
p(γ) log2 p(γ)dγ −
∫
p(γ|λ) log2 p(γ|λ)dγ (5)
and the average information gain is given by Iavg =
∑
λ P (λ)Iλ. We use the average information gain for quantifying
the performance, i.e., the success in estimation of a communicated parameter.
Bartlett et al. [31] investigated the problem of communication protocols in the absence of a SRF, when one wants to
estimate a relative parameter that is encoded in a pair of product spins. They found that the only relative parameter
of a two-qubit product state is the angle between the corresponding vectors of the two qubits in the Bloch sphere and
showed that the optimal measurement of the relative parameter can be chosen to be a reference-frame-independent
measurement. It is natural to investigate the role of entanglement as a ubiquitous property of quantum systems and
the relative parameters. More precisely, in the absence of a SRF, shall we encode information in entangled states or
in product states? Would one benefit from using entanglement for communication in the absence of the SRF? And
at the base of all of these questions, what are the relative parameters of a general two-qubit state and their physical
significance? In this paper we focus on a two-qubit entangled state and answer all of these questions. We show that
3such a state has three relative parameters and calculate the information gain of the receiver when the value of a
bounded continuous parameter is encoded into each of these parameters separately.
The structure of the paper is as follows. Section II is devoted to characterization of the relative parameters of a
pure entangled two-qubit state. In section III, we calculate the average information gain when one of these relative
parameters is used for communication. We end the paper with a summary and an outlook in section IV.
II. RELATIVE PARAMETERS OF A PURE TWO-QUBIT STATE
The only relative parameter of a pure product state of two qubits is the angle between the two vectors representing
each qubit in the Bloch sphere [31]. Here we consider a general pure two-qubit state |Ψ〉, which in the computational
basis is represented as
|Ψ〉 = a|00〉+ b|01〉+ c|10〉+ d|11〉. (6)
From the normalization of the state, |a|2 + |b|2 + |c|2 + |d|2 = 1 and the freedom of a global phase, this state has
six real parameters. Invariance under global SU(2) rotations, D(Ω)⊗D(Ω), that have only three parameters, leaves
three independent parameters in the state which are the relative parameters that we are searching for. To find these,
one can write
|Ψ〉 =
∑
i,j
Ψij |i, j〉, (7)
in which Ψij can be written as a matrix
Ψˆ =
(
a b
c d
)
(8)
and note that under D(Ω)⊗D(Ω),
Ψi,j −→ D(Ω)ikD(Ω)jlΨk,l (9)
or in matrix form
Ψˆ −→ [D(Ω)ΨˆD(Ω)T ]. (10)
The two invariants of this transformation are
det(Ψˆ) = ad− bc and Tr(−iσyΨˆ) = b− c. (11)
The reason for the second equality is the identity σyDT (Ω) = D†(Ω)σy which is manifest if we write D(Ω) =
eiΩ1σx+iΩ2σy+iΩ3σz and use the commutation relations of the Pauli matrices, σyσiσy = −σTi . In fact, a simpler way of
deriving these invariants is to directly act on the state (6) with a unitary D(Ω) =
(
x y
−y∗ x∗
)
with |x|2 + |y|2 = 1 and
calculate the new parameters a′, b′, c′, d′. It is then easily seen by inspection that the two quantities in Eq. (11) are
invariant. Note that ad− bc is a complex number. Its absolute value is half the concurrence measure of entanglement
of the state [35] which is already known to be invariant under any local operation on qubits. Here we see that its
phase is also an invariant of the global rotation D(Ω) ⊗D(Ω). Nevertheless, by extracting a global phase from the
state (a, b, c, d) −→ eiη(a, b, c, d), one can always make ad− bc real and positive and so equal to |ad− bc|. So the first
invariant ad − bc is nothing but a measure of the entanglement of the two qubits. We are thus left with three real
relative parameters in the above two complex quantities as expected.
To get a better intuition of the complex invariant b−c, we can consider its geometrical expression which is simplified
when Alice aligns her coordinate system in a specific way. To see this, let ρA be the density matrix of the first qubit
with spectral decomposition ρA = λm2|m〉〈m|. Expanding the state |Ψ〉 in terms of |m〉′s for the first qubit, we find
|Ψ〉 = ∑m |m〉|φm〉, where 〈φm|φl〉 = δm,lλm2. This determines |φm〉’s up to a phase. Absorbing the phases into the
definition of states, gives the Schmidt decomposition of the state |Ψ〉. Note that the Schmidt decomposition does not
uniquely determine the state, e.g. all the Bell states have the same Schmidt decomposition. To fully characterize and
distinguish the states, we need to keep the phases of |φm〉. So the final decomposition of |Ψ〉 would be
|Ψ〉 = e−iψ2 cos(α)|m〉|n〉+ eiψ2 sin(α)|m⊥〉|n⊥〉, (12)
4with α ∈ [0, pi/4] and ψ ∈ [0, pi]. Note that |〈m|n〉|2 = 12 (1 + m · n), where n and m represent vectors in the
Bloch sphere. Based on the representation of the state in Eq. (12), the invariant parameters under a global rotation
D(Ω)⊗D(Ω) are α,ψ, and θ, which is the angle between the two vectors m and n (see Fig. 1).
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Figure 1. In the absence of a reference frame, a pure product state of two qubits (left) can only carry information in the
angle between the two vectors representing the two qubits in the Bloch sphere. An entangled state (right) Eq. (12), can carry
two more parameters. The questions are which parameter is a better carrier and what are the conditions for achieving this
optimality.
For simplicity, we assume a coordinate system for Alice such that the two vectors m and n lie on her xz plane.
Alice can always choose her coordinate system in this way no matter what the coordinate system of Bob is. In this
coordinate system we get
|n〉 = cos(θ
2
)|0〉+ sin(θ
2
)|1〉
|n⊥〉 = − sin(θ
2
)|0〉+ cos(θ
2
)|1〉. (13)
Inserting Eqs. (13) into Eq. (12), we obtain the general pure two-qubit state as
|Ψ〉 = e−iψ2 cos(α)|0〉
[
cos(
θ
2
)|0〉+ sin(θ
2
)|1〉
]
+ ei
ψ
2 sin(α)|1〉
[
− sin(θ
2
)|0〉+ cos(θ
2
)|1〉
]
. (14)
Now, using this form of the two-qubit state, we can see that the relative parameters are
ad− bc = 1
2
sin(2α) (15)
and
b− c = sin(θ
2
)(e−i
ψ
2 cos(α) + ei
ψ
2 sin(α)). (16)
This indicates that α, θ and ψ can indeed be referred to as the three relative parameters of a pure entangled two-qubit
state.
The fact that the parameters α, θ and ψ are relative parameters, which can convey information to Bob in the
absence of a SRF, means that up to a global rotation D(Ω) ⊗D(Ω), Alice should be able to prepare any two-qubit
state by application of a quantum circuit based on these three relative parameters. The quantum circuit in Fig. 2
produces the state by which each of the relative parameters can be independently set.
Note that the action of this circuit can be written as
|Ψ〉 = (Rz(ψ)⊗Ry(θ))CNOT(Ry(2α)⊗ I)|0, 0〉. (17)
If the reference frame of Alice rotates by D(Ω), this means that the input state of the circuit will change
|0′〉⊗2 = D(Ω)⊗2|0, 0〉 and the gates will change Rn′(.) = D(Ω)−1Rn(.)D(Ω). Inserting this new input state
5|0⟩ Ry(2α) • Rz(ψ)
|0⟩ Ry(θ)
1
Figure 2. Alice’s state preparation circuit. She uses this circuit to independently adjust each of the relative parameters in a
suitable way to provide Bob with the highest information gain possible.
and these new gates into Eq. (17) one finds that the new state is |Ψ′〉 = D(Ω)⊗D(Ω)|Ψ〉 which has the same relative
parameters as |Ψ〉, but with new global parameters inherited from D(Ω). This means that different reference frames
cannot change the relative parameters of the state produced by this circuit.
We are now faced with the following two questions:
i) If Alice wants to communicate the value of a continuous parameter to Bob, to which of the above three relative
parameters should she encode this value in order to convey the message with the highest fidelity, i.e., in order for the
information gain of Bob to be the highest?
ii) Does using the entangled state offer any advantage over a product state?
We will answer these questions in the next section.
III. COMMUNICATION USING THE RELATIVE PARAMETERS
In order for Alice to use the relative parameters for communication with Bob, she should encode a message as in Fig.
2 and send the two qubits to Bob. Then Bob needs to measure the state and make an estimate of the communicated
parameters. We assume that Alice prepares an ensemble of states, all prepared with the relative parameters that
encode her message. The optimal measurement done by Bob are the total spin projectors which are Π0 and Π1 [31].
Thus, the probability of projecting on Πi, given that γ is encoded to the state, is given by
p(Πi|γ) = Tr(ργΠi). (18)
Using the Bayesian formalism, Bob can infer the value of γ from the following
p(γ|Πi) = Tr(Πiργ)p(γ)
p(Πi)
, (19)
where p(Πi) =
∫
Tr(Πiργ)p(γ)dγ, with p(γ)dγ a suitable measure over the three component variable γ. Here dγ is
a volume element over the manifold of relative parameters the explicit form of which may be difficult to obtain. In
all the examples below we are concerned with special forms of the submanifolds where only one of the parameters
is changing and the explicit form of dγ is simple. Having the posterior distribution over γ, it is straightforward to
calculate the information gain as
IΠi =
∫
p(γ|Πi) log2
(
p(γ|Πi)
p(γ)
)
dγ (20)
where the probability p(γ) for producing γ is known to Alice and Bob. Then we will have
Iavg = p(Π0)IΠ0 + p(Π1)IΠ1 , (21)
which is the average information gain for Bob given that Alice encodes three real values into γ.
For simplicity, we consider a communication protocol in which Alice uses only one of the relative parameters to
encode her message and sets the other two parameters to some optimal values that maximizes the communicated
information. We assume that prior to the protocol, Alice and Bob agree on the optimal setting, i.e. they both know
what values would be used for the relative parameters that are not used for communication. Bob only needs to
6estimate the value of the last remaining relative parameter for finding the message. We also assume that the prior
distribution of this parameter is known to both Alice and Bob.
For instance, assume that Alice fixes θ = θ0 and ψ = ψ0 and encodes her message into the value of the third
parameter, α. The problem is now to determine the average information gain I(α)avg(θ0, ψ0) and decide what values of
θ0 and ψ0 maximizes this average information gain. In other words, Alice and Bob should determine what fixed values
for these two parameters, convey the highest information about the third parameter. We may call this maximum
average information gain I(α)avg(max) in this example. Similarly, they can use any of θ and ψ for communication
which defines I(θ)avg(max), I
(ψ)
avg(max), respectively. This gives three different approaches for communication using
only one relative parameter, and to find the best approach we should determine which of I(α)avg(max), I
(θ)
avg(max), or
I
(ψ)
avg(max) gives the highest information gain. This will determine which of these three parameters is the best carrier
of information in the absence of a SRF. Also to assess the role of entanglement, we should compare the maximum
information gain in each approach with the case where Alice can only send product states and determine whether or
not there is any advantage in using entangled states.
We now note that the state prepared by Alice has three real parameters collectively denoted by γ = (α, θ, ψ). We
call this state |Ψγ〉. When received by Bob, who has no SRF with Alice, it is as if the state has passed through a
random global rotation channel and has changed to
ργ =
∫
[D(Ω)⊗D(Ω)]|Ψγ〉〈Ψγ |[D(Ω)⊗D(Ω)]†dΩ. (22)
where dΩ is the SU(2) invariant measure. The optimal measurements of Bob are projectors into total spin of the two
particles, {Π0,Π1}. Using the cyclic property of the trace, and then the rotation invariance of total spin projectors,
we find
Tr(Πiργ) =
∫
Tr
{
[D(Ω)⊗D(Ω)]†Πi[D(Ω)⊗D(Ω)]|Ψγ〉〈Ψγ |
}
dΩ
= 〈Ψγ |Πi|Ψγ〉. (23)
It is worth taking a look at the probabilities of the projections of the state |Ψγ〉 onto the asymmetric and symmetric
subspaces which are
p(Π0|γ) = Tr(Π0ργ) = (1− cos(θ))(1 + sin(2α) cos(ψ))
4
(24)
and
p(Π1|γ) = 1− p(Π0|γ) (25)
respectively. One can verify that for product pairs (α = 0), these probabilities turn into what Bartlett et al. used
in [31]. We use the result in Eq. (24) in each communication scheme to determine the optimal value for one of the
two fixed parameters in the following sections. We use “optimal” for a setting where, the information gain for Bob is
maximized, given that Alice prepares a two-qubit state and sends it to Bob.
We are now ready to investigate the three cases where Alice encodes her message into the value of one of the
relative parameters. Since our measurement scheme has only two outcomes the maximum extractable information of
it would be 1 bit; this implies that using even all the three parameters for communication, would not increase the
maximum information gain. Before presenting the results, we should note what kind of prior probability distribution
is used by Alice. For each parameter, we consider two different natural distributions, a discrete distribution where
the parameter takes two different values with equal probability and a continuous distribution where the parameter
is chosen uniformly at random. We find the optimal setting for each case. Note that since we are changing the
prior probability distribution, we cannot compare the optimal results of the two cases. In other words, although the
information gain in one scenario may be greater than the other, the optimal setting for each case is applicable only
to its own circumstances. In each case, we distinguish the results of these two cases, as shown in Figs. 3-4-5 by the
labels "Discrete Distribution" and "Uniform Distribution".
A. Encoding information in θ
Suppose that Alice encodes her message in θ. In order to convey the highest amount of information, she should
tune the other two parameters into fixed values, say α0 and ψ0. To find the optimal value of ψ0, we can consider the
7sensitivity of our measurement with respect to the message parameter as
|∂p(Π0|γ)
∂θ
| = | (1 + sin(θ))(1 + sin(2α0) cos(ψ0))
4
|. (26)
It is seen that to increase this sensitivity, Alice should set the parameter ψ0 = 0 for all α0. Alice does this simply
by tuning the gates in her circuit in Fig. 2. To investigate the effect of entanglement and determine α0, we present
the results of calculating the average information gain in terms of α0 for ψ0 = 0. The integrals (20) are calculated
numerically and the results are plotted in Fig. 3 for the two different prior probability distributions.
Uniform Distribution Since Alice has fixed the two vectors m and n in her own frame to lie in the xz plane,
the prior distribution of θ is given by p(θ) = 1pi for θ ∈ [0, pi]. The average information gain is maximized at α0 = pi/4
and equals to 0.442. In the absence of entanglement, α0 = 0, we find I
(θ)
avg = 0.137, which shows that entanglement
enhances the average information gain almost three times in this protocol.
Discrete Distribution For the prior p(θ = 0) = p(θ = pi) = 1/2, where the two qubits are either parallel or
anti-parallel, the average information gain reaches its maximum at α0 = pi/4, implying that in this case, Bob can
exactly retrieve the message which is indeed a classical bit of 1 for |Ψθ=0,α0=pi/4,ψ0=0〉 = 1√2 (|00〉+ |11〉) and zero for
|Ψθ=pi,α0=pi/4,ψ0=0〉 = 1√2 (|01〉 − |10〉). In fact, Alice and Bob can do classical communication, as previously noted
in [30]. Note that this is the maximum average information gain as previously mentioned. Without entanglement
(α0 = 0), the average information gain would be 0.311.
Discrete Distribution
Uniform Distribution
0 π
4
0
0.137
0.311
0.442
1
α0
I a
vg(θ) (α 0
,ψ 0→
0)
Figure 3. Average information gain (bits) for estimation of θ in terms of α0 at ψ0 = 0 for two different prior distributions over
θ. The plot shows that the more the entanglement, the higher the average information gain. This also shows that, product
states are the worst choice for encoding a message in θ.
B. Encoding Information in ψ
When Alice encodes the message in ψ, similar to the sensitivity argument of the previous case, we find
|∂p(Π0|γ)
∂ψ
| = | (1− cos(θ0))(1− sin(2α0) sin(ψ))
4
|. (27)
It is inferred that it is best to set θ0 = pi for all the values of α0. To find the optimal value of entanglement, the
average information gain is considered in Fig. 4 for two different prior probability distributions.
Uniform Distribution a uniform distribution for ψ is p(ψ) = 1pi for ψ ∈ [0, pi]. The average information gain
is maximized at α0 = pi/4, which equals to 0.442. Therefore this relative phase carries the largest information for
maximally entangled states. As expected for α0 = 0, no information is communicated since ψ loses its meaning.
8Discrete Distribution For the discrete distribution p(ψ = 0) = p(ψ = pi) = 1/2, the average information
gain reaches the value of 1 at α0 = pi4 which is the maximum extractable information of our measurement. In this
case, Bob can exactly retrieve a classical bit encoded in the two states |Ψψ=pi,α0=pi/4,θ0=pi〉 = 1√2 (|01〉 + |10〉) and
|Ψψ=0,α0=pi/4,θ0=pi〉 = 1√2 (|01〉 − |10〉). This is because the two states belong to the triplet and singlet subspaces
correspondingly and can be fully discriminated by Bob’s measurement of total spins. Had Alice set θ0 to any other
value, say θ0 = 0, for which |Ψψ,α0=pi/4,θ0=0〉 = 1√2 (|00〉 ± |11〉), this perfect communication could not be achieved.
Discrete Distribution
Uniform Distribution
0 π
4
0
0.442
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Figure 4. Average information gain (bits) for estimation of ψ in terms of α0 at θ0 = pi for two different prior distributions over
ψ. It is seen that for no entanglement, no information is gained since ψ vanishes for product states. On the other hand, as
entanglement increases, so does the average information gain.
C. Encoding Information in α
While encoding the message into α we see that
|∂p(Π0|γ)
∂α
| = | (1− cos(θ0))(1 + 2 cos(2α) cos(ψ0))
4
|. (28)
Thus, the best setting for this encoding is to set ψ0 = 0orpi for all θ0. In the following, the effect of θ0 on the average
information gain for two different prior probability distributions given that ψ0 = 0 is investigated. The results are
shown in Fig. 5.
Uniform Distribution Taking the prior over α as p(α) = 4pi for α ∈ [0, pi/4], the average information is max-
imized at θ0 = pi and equals to 0.126. In other words, If Alice encodes the value of α into states of the form
|Ψα,θ0,ψ0=0〉 = cosα|0,n〉 + sinα|1,n⊥〉, in order to provide Bob with the best estimation of α, Fig. 5 implies that
θ0 must be set to pi; this corresponds to the situation in which the value of α is encoded into states of the form
|Ψα,θ0=pi,ψ0=0〉 = cosα|0, 1〉 − sinα|1, 0〉.
Discrete Distribution For the prior p(α = 0) = p(α = pi) = 1/2, Bob’s task is to discriminate between maximally
entangled states and product states. Looking at Fig. 5, we observe that the same trend as the uniform prior is valid
with a higher value of the average information gain at the optimal setting for θ0.
Note that for both distributions, no information is transmitted at θ0 = 0, that is when Alice encodes the value of
α into the state |Ψα,θ0=0,ψ0=0〉 = cosα|0, 0〉 + sinα|1, 1〉 which regardless of the value of α is always projected onto
the triplet subspace.
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Uniform Distribution
0 π0
0.126
0.311
1
θ0
I a
vg(α) (θ 0
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Figure 5. Average information gain (bits) for estimation of α in terms of θ0 at ψ0 = 0 for two different prior distributions over
α. Increasing θ0 increases the average information gain; therefore, the best states to encode a message in their α parameter
are the ones with θ0 = pi and ψ0 = 0.
D. Comparing the efficiency of encoding schemes
It is now interesting to compare the results of the three curves in Figs. 3-4-5. The maximum amounts of average
information gain at the optimal settings are compared in table (I). It is concluded that the the parameter α which
hhhhhhhhhhhhhIavg(max)
Encoding Parameter
θ ψ α
Uniform Distribution 0.442 0.442 0.126
Discrete Distribution 1 1 0.311
Table I. The highest amount of the average information gain for different encoding schemes.
determines the amount of entanglement in the state, is the least informative carrier among the three relative param-
eters. Although θ and ψ provide the same maximum results, comparing the curves in Figs. 3-4, we infer that θ is,
in general, a better carrier of information since at low amounts of entanglement, the average information gain for
encoding in θ is higher than for ψ.
It is interesting to observe, in each encoding scenario, how the two other parameters, when they are varied, affect
the amount of information communicated. In Figs. 6-7 the average amount of information communicated via the
message parameter is plotted with respect to the values of the other two parameters. In fact, Figs. 3-4-5 represent
only a slice of these plots. For examples, Fig. 3 contains the trends of the average information gain as α0 varies while
ψ0 is fixed at ψ0 = 0 for the two prior distributions; these slices can be tracked inside Figs. 6(a)-7(a).
IV. SUMMARY AND OUTLOOK
This paper shows that pure entangled two-qubit states have three relative parameters that are invariant under the
change of reference frame, while the pure product two-qubit states entail only one relative parameter. In addition,
the result of the communication protocols discussed here, demonstrates that θ, the angle between the two qubits,
is the best parameter to convey a message in the absence of a SRF. Our result also shows that the entanglement
can be employed to enhance the average information gain of the receiver. Comparing the highest achievable average
information gains for a message encoded into a pure entangled two-qubit state, which are 0.442 and 1 for the uniform
and discrete distribution, respectively, with the results of encoding the message into the only relative parameter of a
pure product two-qubit state, which are 0.137 and 0.311, respectively, we confirm the positive role of the entanglement
in the enhancement of the information communicated.
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Figure 6. Average information gain (bits) for estimation of θ, ψ, and α in terms of the two other parameters in each encod-
ing scenario for the uniform prior distributions over the message parameter. Contours are included in the plots for further
clarification. (a): I(θ)avg(α0, ψ0), (b): I(ψ)avg(α0, θ0), (c): I(α)avg(θ0, ψ0).
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Figure 7. Average information gain (bits) for estimation of θ, ψ, and α in terms of the two other parameters in each encod-
ing scenario for the discrete prior distributions over the message parameter. Contours are included in the plots for further
clarification. (a): I(θ)avg(α0, ψ0), (b): I(ψ)avg(α0, θ0), (c): I(α)avg(θ0, ψ0).
It is worthwhile to mention that it is not possible to change the encoding strategy and obtain more information
in this protocol. This is due to the fact that the communication protocol in the absence of a SRF is based on the
encodings into the relative parameters of a state and the optimal measurement of the relative parameters is shown by
Bartlett et al. [31] to be the total spin projective measurement. For the case of two qubits the Hilbert space of which
is made of spin-0 and spin-1 subspaces, any encoding that one uses, would be finally subject to the measurement of
its optimal encodings, which are symmetric and asymmetric states.
While we have considered only qubits, similar questions can be asked about relative parameters of bipartite qudits
and the role that each of their relative parameters plays in communication protocols in the absence of a SRF.
V. ACKNOWLEDGEMENTS
This research was partially supported by a grant No. 96011347 from the Iran National Science Foundation and by
Grant No. G950222 and G960219 from the research grant system of Sharif University of Technology.
[1] C. H. Bennett and G. Brassard, Quantum cryptography: Public key distribution and coin tossing, in Proceedings of IEEE
International Conference on Computers, Systems and Signal Processing, Vol. 175 (New York, 1984), p. 8.
[2] C. H. Bennett and G. Brassard, IBM Technical Disclosure Bulletin 28, 3153 (1985).
[3] C. H. Bennett, G. Brassard, C. Crepeau , R. Jozsa , A. Peres and W. K.Wootters, Phys. Rev. Lett. 70, 1895 (1993).
[4] A. Barenco and A. K. Ekert, J. Mod. Opt 42, 1253 (1995).
11
[5] A. Peres and P. F. Scudo, Arxiv preprint arXiv:quant-ph201017 (2002).
[6] S. D. Bartlett, T. Rudolph and R. W. Spekkens, Rev. Mod. Phys. 79, 555 (2007).
[7] G. Gour and R. W. Spekkens, New J. Phys. 10 (3), 033023 (2008).
[8] I. Marvian and R. W. Spekkens, New J. Phys. 15 (3), 033001 (2013).
[9] I. Marvian, R. W. Spekkens and P. Zanardi, Phys. Rev. A 93, 052331 (2016).
[10] I. Marvian and R. W. Spekkens, Phys. Rev. A 90, 014102 (2014).
[11] M. Ahmadi, D. Jennings and T. Rudolph, New J. Phys. 15, 013057 (2013).
[12] I. Marvian and R. W. Spekkens, Nat. Commun. 5, 3821 (2014).
[13] V. Vedral, M. B. Plenio, M. A. Rippin and P. L. Knight, Phys. Rev. Lett. 78, 2275 (1997).
[14] M. Plenio and S. Virmani, An introduction to entanglement theory, in Quantum Information and Coherence, edited by E.
Anderson and P. ÃŰhberg, Springer, 2014, pp. 173âĂŞ209.
[15] R. Horodecki, P. Horodecki, M. Horodecki and K. Horodecki, Rev. Mod. Phys. 81, 865 (2009).
[16] S. Massar and S. Popescu, Phys. Rev. Lett. 74, 1259 (1995).
[17] N. Gisin and S. Popescu, Phys. Rev. Lett. 83, 432 (1999).
[18] E. Bagan, M. Baig, A. Brey, R. Munoz-Tapia and R. Tarrach, Phys. Rev. Lett. 85, 5230 (2000).
[19] A. Peres and P. F. Scudo, Phys. Rev. Lett. 86, 4160 (2001).
[20] E. Bagan, M. Baig, A. Brey, R. Munoz-Tapia and R. Tarrach, Phys. Rev. A 63, 052309 (2001).
[21] E. Bagan, M. Baig and R. Munoz-Tapia, Phys. Rev. A 69, 050303 (2004).
[22] A. Acin, E. Jane and G. Vidal, Phys. Rev. A 64, 050302 (2001).
[23] F. Rezazadeh, A. Mani and V. Karimipour, Arxiv preprint arXiv:quant-ph1811.05657v2 (2018).
[24] F. Rezazadeh, A. Mani and V. Karimipour, Phys. Rev. A 96, 022310 (2017).
[25] P. Zanardi and M. Rasetti, Phys. Rev. Lett. 79, 3306 (1997).
[26] D. A. Lidar, I. L. Chuang and K. B. Whaley, Phys. Rev. Lett. 81, 2594 (1998).
[27] E. Knill, R. Laflamme and L. Viola, Phys. Rev. Lett. 84, 2525 (2000).
[28] D. Bacon, J. Kempe, D. A. Lidar and K. B. Whaley, Phys. Rev. Lett. 85, 1758 (2000).
[29] J. Kempe, D. Bacon, D. A. Lidar and K. B. Whaley, Phys. Rev. A 63, 042307 (2001).
[30] S. D. Bartlett, T. Rudolph and R. W. Spekkens, Phys. Rev. Lett. 91, 027901 (2003).
[31] S. D. Bartlett, T. Rudolph and R. W. Spekkens, Phys. Rev. A 70, 032321 (2004).
[32] J. -C. Boileau, D. Gottesman, R. Laflamme, D. Poulin and R. W. Spekkens, Phys. Rev. Lett. 92, 017901 (2004).
[33] Z. D. Walton, A. F. Abouraddy, A. V. Sergienko, B. E. A. Saleh and M. C. Teich, Phys. Rev. Lett. 91, 087901 (2003).
[34] S. D. Bartlett, T. Rudolph and R. W. Spekkens, Phys. Rev. A 70, 032307 (2004).
[35] S. Hill and W. K. Wootters, Phys. Rev. Lett. 78, 5022 (1997).
